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Consider a Banach function space X(μ) of (classes of) locally integrable functions over
a σ -ﬁnite measure space (Ω,Σ,μ) with the weak σ -Fatou property. Day and Lennard
(2010) [9] proved that the theorem of Komlós on convergence of Cesàro sums in L1[0,1]
holds also in these spaces; i.e. for every bounded sequence ( fn)n in X(μ), there exists a
subsequence ( fnk )k and a function f ∈ X(μ) such that for any further subsequence (h j) j of
( fnk )k , the series
1
n
∑n
j=1 h j converges μ-a.e. to f . In this paper we generalize this result
to a more general class of Banach spaces of classes of measurable functions — spaces L1(ν)
of integrable functions with respect to a vector measure ν on a δ-ring — and explore to
which point the Fatou property and the Komlós property are equivalent. In particular we
prove that this always holds for ideals of spaces L1(ν) with the weak σ -Fatou property,
and provide an example of a Banach lattice of measurable functions that is Fatou but do
not satisfy the Komlós Theorem.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let μ be a probability measure. In 1967 Komlós proved that for every bounded sequence ( fn)n in L1(μ), there exists
a subsequence ( fnk )k and a function f ∈ L1(μ) such that for any further subsequence (h j) j of ( fnk )k , the Cesàro sums
1
n
∑n
j=1 h j converge μ-a.e. to f [13]. This theorem has had relevant consequences and applications in recent times in
functional analysis. For instance, suitable vector-valued extensions of this result to spaces of Bochner integrable functions
(see [2,19]) have been used for obtaining characterizations of weakly compact subsets in these spaces and for the study of
the (weak) Banach–Saks property in them (see [5]).
The result of Komlós was generalized in 2010 by Day and Lennard in the following sense. Let X(μ) be a Banach function
space of (classes of) ﬁnitely integrable functions over a σ -ﬁnite measure space (Ω,Σ,μ) with the Fatou property. Then
the Komlós property is satisﬁed; i.e. for every bounded sequence ( fn)n in L1(μ), there exists a subsequence ( fnk )k and a
function f ∈ L1(μ) such that for any further subsequence (h j) j of ( fnk )k , the series 1n
∑n
j=1 h j converges μ-a.e. to f [9].
Actually, if we assume in the deﬁnition of the Banach function space the ﬁnite integrability requirement of [9], this result
means that for the class of Banach function spaces, the weak σ -Fatou property implies the Komlós property. The converse
is also true, as we prove in this paper.
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Theorem, and characterizing in a sense the Banach spaces of measurable functions for which it holds. The main result of
the paper is the following theorem, that is obtained in Section 3.
Theorem 1.1. Let R be a δ-ring and consider a vector measure ν : R → X, where X is a Banach space. Let E be an ideal of L1(ν). Then
E has the weak σ -Fatou property if and only if it has the Komlós property.
Moreover, in Section 4 we extend our result to the more general class of Banach spaces of measurable functions deﬁned
by the spaces L1w(ν) of weakly integrable functions with respect to a vector measure ν on a δ-ring. Those spaces satisfy
always the σ -Fatou property. However, we prove that they do not satisfy in general the Komlós property (see Example 4.6),
and we give conditions on the measure ν for guaranteeing that this property holds for L1w(ν). Finally, at the end of the
section we explain the application of our results to abstract Banach lattices by means of the representation theorems with
vector measures.
2. Preliminaries
In this section we recall some deﬁnitions and basic results that are needed in the rest of the paper. Let (Ω,Σ) be a
measurable space, where Σ is a σ -algebra. Let (Ω,Σ,μ) be a σ -ﬁnite measure space. We denote by L0(μ) the space of
all Σ-measurable real-valued (classes of) functions on Ω , where functions which are equal μ-a.e. are identiﬁed. A function
f is called locally integrable if it is Σ-measurable and
∫
A | f |dμ < ∞, for every A ∈ Σ with μ(A) < ∞. A Banach function
space X(μ) is a Banach space consisting of locally integrable functions which is an order ideal in L0(μ) with a lattice
norm ‖ · ‖X(μ) , that is if f ∈ X(μ) and g ∈ L0(μ) with |g| | f | μ-a.e. then g ∈ X(μ) and ‖g‖X(μ)  ‖ f ‖X(μ) . In addition,
we assume that if μ(A) < ∞, then the characteristic function χA ∈ X(μ). Under this deﬁnition, for every A ∈ Σ such
that μ(A) < ∞ the function χA deﬁnes a continuous functional on X(μ) by
∫
A f dμ. This is the ﬁnite integrability that is
assumed in the results of [9]. Notice that not all texts adopt this deﬁnition of a Banach function space. X(μ) is a Banach
lattice for the μ-a.e. pointwise order, in which the convergence in norm of a sequence implies the convergence μ-a.e. for
some subsequence. A Banach function space X(μ) satisﬁes the σ -Fatou property if for every increasing sequence ( fn)n of
positive measurable functions in X(μ) converging μ-a.e. to a measurable function f such that supn ‖ fn‖X(μ) < ∞ implies
f ∈ X(μ) and ‖ fn‖X ↑n ‖ f ‖X . The space is said to be weak σ -Fatou if the last condition on the norms is not required. The
σ in these deﬁnitions means that the properties are given for sequences; if we consider nets we have the Fatou and the
weak Fatou properties, respectively. See [16, p. 28] for basic deﬁnitions and results on Banach function spaces.
As will be seen, in this paper we work in a more general setting. We will consider Banach lattices consisting of (classes
of) measurable functions but on non-σ -ﬁnite measure structures. This is the reason for introducing now some deﬁnitions
regarding abstract Banach lattices. Let E be a Banach lattice with norm ‖ · ‖ and order . We denote by E+ its positive
cone. An ideal of E is a closed subspace F such that y ∈ F whenever y ∈ E with |y| |x| for some x ∈ F . A weak unit of
E is an element 0 < e ∈ E with the property that inf{x, e} = 0 implies x = 0. For instance, in the case of Banach function
spaces, a function g ∈ X(μ) is a weak unit if g > 0 μ-a.e. A Banach lattice is order continuous if order bounded increasing
sequences are norm convergent. For issues related to Banach lattices see [1,16,21,22].
The Banach lattices that we consider in this paper are spaces of integrable functions with respect to vector measures
on δ-rings. Delgado studied the L1 spaces of these vector measures in [10]. Throughout this paper, R will be a δ-ring of
subsets of a set Ω , that is, a ring of sets closed under countable intersections. We denote by Rloc the σ -algebra of subsets
A of Ω such that A∩ B ∈ R for every B ∈ R. The space of measurable real functions on (Ω,Rloc) is denoted by M. The set
of simple functions based on R is denoted by S(R). Let X be a Banach space with dual space X ′ . BX ′ will be the unit ball
of X ′ . Let ν : R → X be a countably additive vector measure, that is, ∑rn=1 ν(An) converges to ν(⋃∞n=1 An) in X for every
sequence (An)n of pairwise disjoint sets in R with
⋃
An ∈ R. For each element x′ ∈ X ′ the formula νx′ (A) := 〈ν, x′〉(A),
A ∈ R, deﬁnes a scalar measure (see [10, Preliminaries]). We write |νx′ | for its variation. The semivariation ‖ν‖(A) :=
sup{〈ν, x′〉(A), x′ ∈ X ′, ‖x′‖ = 1} is deﬁned for every A ∈ Rloc; it is ﬁnite on R and satisﬁes
‖ν‖(A)
2
 sup
{∥∥ν(B)∥∥: B ∈ R ∩ 2A} ‖ν‖(A), A ∈ Rloc;
see [14]. A set B ∈ Rloc is ν-null if ‖ν‖(B) = 0.
A sequence ( fn)n of measurable real-valued functions converges ν-almost everywhere to a measurable function f if
there exists a set M in Rloc with ‖ν‖(M) = 0, such that for every ε > 0 and ω ∈ Ω \ M there exists a natural number
N(ε,ω) such that if n N(ε,ω) then | fn(ω) − f (ω)| < ε.
Throughout the paper we consider Banach lattices of measurable functions, in the following sense. A Banach lattice of
measurable functions on a vector measure space (Ω,R, ν) is a Banach lattice E of classes of functions with the ν-a.e. order,
i.e. two functions f , g ∈ E satisfy that f  g ν-a.e. if f (w)  g(w) except in a set N ∈ Rloc with ‖ν‖(N) = 0. Two vector
measures are equivalent if they have the same null sets. Extending the deﬁnition given for Banach function spaces, we say
that such a space E has the weak σ -Fatou property if for every increasing sequence ( fn)n of positive measurable functions
in E converging ν-a.e. to a measurable function f such that supn ‖ fn‖E < ∞ implies f ∈ E . The deﬁnition of the σ -Fatou
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measurable functions by a set U ∈ Rloc is the set P (U ) := { f χU | f ∈ E}.
A measurable function f is integrable with respect to ν (or ν-integrable) if it is integrable for every νx′ and for every
A ∈ Rloc there is a vector ∫A f dν such that for every x′ ∈ X ′ , 〈∫A f dν, x′〉 = ∫A f dνx′ . The characterization given in [10,
Proposition 2.3] establishes that a function f ∈ M is integrable with respect to ν if and only if there is a sequence ( fn)n
of functions in S(R) converging ν-a.e. to f and (∫A fn dν)n converges in norm to ∫A f dν for every A ∈ Rloc . Furthermore,
S(R) is dense in L1(ν) (see [15, Theorem 3.5]). The space L1(ν) of ν-a.e. equal ν-integrable functions is a Banach lattice
endowed with the norm ‖ f ‖ν := supx′∈BX ′
∫ | f |d|〈ν, x′〉|, f ∈ L1(ν) and the ν-a.e. order. It is an ideal of measurable func-
tions, that is, if | f | |g| ν-a.e. with f ∈ M and g ∈ L1(ν), then f ∈ L1(ν), and is an order continuous Banach lattice (see
[14, Theorem 3.3]).
We denote by L1w(ν) the space of functions in M which are integrable with respect to νx′ for all x′ ∈ X ′ . Functions
which are equal ν-a.e. are identiﬁed. The space L1w(ν) is a Banach lattice, also with the norm ‖ · ‖ν and the ν-a.e. order, in
which convergence in norm of a sequence implies ν-a.e. convergence of some subsequence, see [20]. It is always σ -Fatou.
The space L1(ν) is an ideal of L1w(ν). Each vector measure ν deﬁned on a σ -algebra satisﬁes that χΩ ∈ L1(ν) and so‖ν‖(Ω) = ‖χΩ‖ν < ∞ — that is ν is bounded — which does not hold in general for a vector measures deﬁned on δ-rings.
The spaces L1(ν) and L1w(ν) provide a useful framework for representing Banach lattices. An order continuous Banach
lattice E with a weak unit can always be represented (isometrically and in order) as an L1(ν) space of a vector measure ν
on a σ -algebra whose range lies in E+ (see [7, Theorem 8] or [18, Proposition 3.9]; see also [6]). In [8, Theorem 2.5], it is
shown that every Banach lattice E satisfying the σ -Fatou property and with weak unit belonging to the σ -order continuous
part Ea of E is isometric and lattice isomorphic to a space L1w(ν) with ν deﬁned again on a σ -algebra. In the setting of
vector measures on δ-rings, more can be said. Given an order continuous Banach lattice E it is always possible to construct
a vector measure ν deﬁned on a δ-ring associated to E such that E and L1(ν) are isometric and order isomorphic. Every
Banach lattice E with the Fatou property such that its σ -order continuous part Ea is order dense in E is order isomorphic
and isometric to the L1w space of the vector measure associated to Ea (see [6,11]). For the deﬁnitions regarding the order
continuity and the Fatou property for general Banach lattices see for instance [21,22].
To ﬁnish this section let us show a lemma that will be useful in the rest of the paper; it can be proved using the
techniques in [4,10,14,15,17]. It is essentially known and its proof is similar to the one of Lemma 3 in [4] (see also [4,
Lemma 2]).
Lemma 2.1. Let R be a δ-ring and consider a sequence (An)n ⊂ R. Take U =⋃n1 An. Then:
(1) The class of subsets R ∩ U is a δ-ring of subsets of U such that R ∩ U ⊆ R.
(2) (R ∩ U )loc = Rloc ∩ U as σ -algebras of subsets of U .
(3) If ν is a vector measure on R and νU is its restriction to R ∩U , then the projection band P (U ) deﬁned on L1(ν) by the character-
istic function χU can be identiﬁed with L1(νU ). Moreover if Pw(U ) is the projection band deﬁned by the same function on L1w(ν)
the same holds for Pw(U ) and L1w(νU ).
Proof. For the proofs of (1) and (2), just take into account that for every B ∈ R, B ∩ U = B ∩ (⋃n1 An) = B \ (⋂n1 B \
An) ∈ R; then it is straightforward to prove that R ∩ U is a δ-ring of subsets of U and (2). The proof of (3) is similar to the
one of Lemma 3 in [4] (see also [4, Lemma 2]). Notice ﬁrst that by (1) the restriction R ∩ U of R to U is a δ-ring and then
the vector measure νU is well-deﬁned. Moreover, for every measurable set B ⊂ U , ‖ν‖(B) = 0 if and only if ‖νU‖(B) = 0.
This implies that the positive map iU : L1(νU ) → P (U ) given by iU ( f )(w) := f (w) if w ∈ U and 0 otherwise, is well-deﬁned
(and so continuous) and injective. Also, just considering the deﬁnition of the norm and the order in the spaces, it is clear
that we can identify both spaces isometrically and order isomorphically. The proof for the case of L1w(ν) is similar. 
The same argument can be used for any ideal E of L1(ν) or L1w(ν); so the projection band P (U ) (or Pw(U )) on E deﬁned
by χU can be identiﬁed with an ideal of L1(νU ) (or L1w(νU )).
3. Spaces of vector measure integrable functions and the Komlós Theorem
Let ν : R → X be a vector measure on the δ-ring R and consider an ideal E of L1(ν). In what follows we prove our
main theorem for the case of the spaces L1(ν). Let us recall ﬁrst some fundamental properties of L1(ν). This space is always
order continuous and each function f ∈ L1(ν) is a limit of a sequence of simple functions with support in R in norm and
in order.
We start with the following lemma; it has been essentially proved in [9, Theorem 3.1] by using a construction based on
a diagonal procedure. We provide the following simpler proof.
Lemma 3.1. Let (Ω,Σ,μ) be a ﬁnite measure space and let (Ω,Σ,η) be a σ -ﬁnite vector measure space such that μ and η are
equivalent measures. Let E be a Banach lattice of measurable functions and let E be an ideal in L1(η) with the weak σ -Fatou property.
Suppose that there exists the multiplication operator Mg : E → L1(μ) given by some Σ-measurable function g > 0. Then E has the
Komlós property.
E. Jiménez Fernández et al. / J. Math. Anal. Appl. 383 (2011) 130–136 133Proof. Let ( fn)n be a sequence of functions of E such that ‖ fn‖E(η)  M for all n ∈ N. Consider the sequence ( fn g)n in
L1(μ). We can apply the Komlós Theorem in the space L1(μ) (see [13]): there exists a subsequence (g fni )i and a function
h0 ∈ L1(μ) such that for any further subsequence (hni j ) j of ( fni )i , 1k
∑k
j=1 ghni j converges μ-a.e. to h0. We need to show
that h := h0g ∈ E , since η is equivalent to μ, and then 1k
∑k
j=1 hni j converges η-a.e. to h. For each n ∈ N, consider the
measurable function kn(w) := infkn | 1k
∑k
i=1 fni (w)|, w ∈ Ω . It is clearly an increasing sequence kn ↑ |h| and ‖kn‖E(η) 
1
n
∑n
i=1 ‖ fni‖E(η)  M . The weak σ -Fatou property of E gives the result. 
Theorem 3.2. Let E be a Banach lattice of classes of ν-a.e. equal Rloc-measurable functions that is an ideal of L1(ν). The following
statements are equivalent.
(1) E has the weak σ -Fatou property.
(2) E has the Komlós property.
Proof. First step. Consider a sequence ( fn) of functions in E . Since by hypothesis they are also in L1(ν), each fn can be
approximated pointwise except in a ν-null set Nn by a sequence (ϕn,k)k of functions in S(R). Note that the supports of
these functions satisfy supp{ fn} ⊆⋃k supp{ϕn,k} ν-a.e. and so ⋃n supp{ fn} is covered by a sequence (Am)m of subsets of R
union the countable union of ν-null sets N =⋃n Nn . The set N belongs to Rloc (this is obvious) and is ν-null. To see this
just consider the equivalent formula of the semivariation. Suppose that ‖ν‖(N) ∈ (0,∞]. Then there is a subset B ⊆ N such
that B ∈ R and ‖ν(B)‖ > 0. But, since ν is countably additive in subsets belonging to R and ‖ν‖(B∩ Am) ‖ν‖(N∩ Am) = 0
for all m, ‖ν(B)‖∑∞m=1 ‖ν‖(B ∩ Am) = 0, and we get a contradiction.
Consequently, all functions fn are supported in a countable union U := ⋃m Am of subsets of R union a ν-null set
N ∈ Rloc . Each bounded sequence of functions with support in U ∪ N converges ν-a.e. if and only if the restrictions of the
functions to U converge ν-a.e., since N is ν-null. By Lemma 2.1, the spaces L1(νU ) and the projection band P (U ) in L1(ν)
deﬁned by χU are isometric and order isomorphic, where νU is the restriction of ν to R ∩ U . The same happens with the
projection band P (U ) in E .
Second step. After the previous step, we have that the equivalence of the two properties in E holds if and only if it holds
in the restriction to EU := P (U ), since ν-almost everywhere convergence is equivalent to νU -a.e. convergence for sequences
with support in U .
Thus, suppose ﬁrst that EU does not have the weak σ -Fatou property. Then there is a positive sequence ( fn)n ∈ EU
that increases to a measurable function f and such that for all n ∈ N ‖ fn‖ M , M ∈ R, but f is not in EU . Suppose that
EU has the Komlós property and let ( fnk )k be a subsequence of ( fn)n that satisﬁes the condition in this property. We
have that limk fnk (w) = f (w) νU -a.e., and there is a function g ∈ EU and a νU -null set N such that for each w ∈ U \ N ,
limk
1
k
∑k
i=1 fnk (w) = g(w) and so ν-a.e. in U . But limk 1k
∑k
i=1 fnk = limk fnk pointwise in U \ N , so f = g ν-a.e. Since g is
in EU , we get a contradiction. Therefore, the Komlós property implies the weak σ -Fatou property.
For the converse, suppose that E has the weak σ -Fatou property. Note that EU has also the weak σ -Fatou property.
Notice that U can be written as a disjoint union of countably many sets of R of positive semivariation; just take the sets
B1 := A1 \⋃∞n=2(An ∩ A1), . . . , Bk = Ak \⋃∞n=k+1(An ∩ Ak), . . . , and reject the empty sets. All these sets belong to R, since
R ∩ Ak is a σ -algebra for all k. Now we can apply the arguments of the proof of Theorem 3.3 in [10]; since the measure
νU is σ -ﬁnite on the δ-ring R ∩ U , there is a bounded local control measure for νU , that can be constructed as follows.
The restriction of R to each Bn is a σ -algebra and then there is a Rybakov control measure μn for all the restrictions
of ν to R ∩ Bn (see [12, Chapter 9.2]), and so μ(A) =∑∞n=1 μn(A∩Bn)2nμn(Bn) is a ﬁnite measure that is equivalent to ν on U ∩ R,
and can be extended to the σ -algebra U ∩ Rloc (see Lemma 2.1(2)). Let us show that the map Mg : EU → L1(μ) given
by Mg( f ) = f g is continuous and injective, where g =∑∞n=1 χBnμn(Bn). The ideal EU is continuously included in L1(νU ).
Let us call iU to this map. On the other hand, let us deﬁne the operator M0g : L1(νU ) → L1(μ) by M0g( f ) = f g; for every
function f ∈ L1(νU ),
∥∥M0g( f )∥∥L1(μ) =
∫
| f g|dμ
∞∑
n=1
∫
Bn
| f |dμn (μn(Bn))
2nμn(Bn)
 sup
n
∫
Bn
| f |dμn  ‖ f ‖L1(νU ).
The map M0g is also injective, since νU and μ are clearly equivalent measures. Therefore, Mg = M0g ◦ iU is continuous and
injective. An application of Lemma 3.1 gives that EU has the Komlós property. Consequently, since νU is equivalent to ν in
U ∩ Rloc , E has the Komlós property. 
Remark 3.3. An inspection of the proof of the preceding theorem shows that the Komlós property always implies the weak
σ -Fatou property in the class of the Banach lattices of measurable functions. However, the converse implication is not
always true, as will be shown in the following section.
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the requirements of Theorem 3.2. Let us show one of them.
Example 3.4. An L1(ν) space of a vector measure ν on a δ-ring with the Komlós property which is not a Banach func-
tion space. Let 1  p < ∞. We consider a non-countable direct sum G := ⊕p(I) L1(μi) of L1(μi) spaces for a family{(Ωi,Σi,μi): i ∈ I} of disjoint probability spaces. It satisﬁes the weak σ -Fatou property. Take now the δ-ring
R =
{
A =
⋃
i∈ J
Ai: J ⊂ I is ﬁnite, Ai ∈ Σi
}
and the measure ν : R → p(I) given by ν(A) :=∑i∈ J μi(Ai)χ{i} , A =⋃i∈ J Ai ∈ R. In this case, L1(ν) = L1w(ν) = G (see
Remark 4.5 and [18, Example 6.47]). So L1(ν) has the Komlós property.
It is very easy to ﬁnd examples of L1(ν)-spaces that do not have the Komlós property. For instance, c0 is itself the space
L1(ν) for the vector measure ν : F → c0 given by ν(A) =∑i∈A ei , where A ∈ F , F is the δ-ring of the ﬁnite subsets of
N and {ei: i ∈ N}, are the elements of the basis of c0 (see [10, Example 2.2]). Since the space is not weak σ -Fatou, it
cannot have the Komlós property (see also the comments after Theorem 3.1 in [9]). The following example provides general
conditions under which the spaces L1(ν) deﬁned in a similar way have the Komlós property.
Example 3.5. Let ν : R → X be an atomic vector measure on the δ-ring R such that L1(ν)′ is separable and L1(ν) reﬂexive.
Then L1(ν) has the Komlós property. Let us show it. The unit ball of L1(ν) with the weak topology is a compact metrizable
topological space. Since the measure is atomic, each atom {a} ∈ R deﬁnes a (non-null) functional ϕa ∈ L1w(ν)′ by ϕa( f ) :=
f (a). Take a bounded sequence ( fn)n ⊆ L1w(ν); there is a subsequence ( fnk )k that converges for the weak topology, so in
particular ( fnk (a))k converges for every atom {a}. Since the space is atomic, this implies the ν-a.e. convergence of the Cesàro
means of every further subsequence and gives the result.
Theorem 3.2 provides also a direct proof without the separability assumption for L1(m)′ . Remark 4.5 allows to prove that
reﬂexivity implies L1(ν) = L1w(ν) and the Fatou property for L1(ν) and so the Komlós property follows.
4. The case of the spaces of weakly integrable functions
In this section we study the case of Banach lattices of functions that are ideals of a space L1w(ν) of scalarly integrable
functions with respect to a vector measure ν on a δ-ring. As we said in Section 2, L1w(ν) always contains L
1(ν) isometrically
as an ideal, but the characteristic property of L1w(ν) is that it is always σ -Fatou. It is not in general order continuous and
we cannot assure that S(R) is order dense in L1w(ν).
In [3,11] the lattice properties of the spaces L1w(ν) are analyzed. In these papers, some weaker versions of σ -ﬁniteness
of ν became relevant for characterizing which lattice properties are satisﬁed by the spaces L1w(ν). In what follows we show
that it is also the case for the Komlós property. As we will prove, the following one is in a sense the limit to which we can
extend the equivalence between the weak σ -Fatou property and the Komlós property.
Deﬁnition 4.1. Let R be a δ-ring of subsets of Ω , X a Banach space and ν : R → X a vector measure. We say that ν is
locally σ -ﬁnite with respect to a δ-ring R if given a set B ∈ Rloc with ‖ν‖(B) < ∞, B can be written as B = (⋃n1 An)∪ N ,
with An ∈ R and N ∈ Rloc a ν-null set.
Theorem 4.2. Let ν : R → X be a locally σ -ﬁnite vector measure and consider an ideal E of L1w(ν). Then E has the Komlós property
if and only if E has the weak σ -Fatou property. In particular, L1w(ν) has the Komlós property.
Proof. Assume that E is an ideal of L1w(ν) and that ν is a locally σ -ﬁnite vector measure. Consider a bounded sequence
( fn)n in E . Then by Theorem 4.8 in [3] for each n there is a sequence (hnk)k of R-simple functions that converges ν-a.e.
to fn . Therefore as in the proof of Theorem 3.2 the support of each sequence of functions can be localized in a countable
union of elements of R. So the proof is the same that the one of Theorem 3.2 (second step) via Lemma 2.1. Since L1w(ν) is
always weakly σ -Fatou the result for this space follows. 
Let (L1w(ν))a be the σ -order continuous part of L
1(ν). This space consists of all functions f ∈ L1w(ν) that satisfy that if
(gn)n is a decreasing sequence of positive functions converging to 0 and gn  f for all n ∈ N, then limn ‖gn‖ = 0. Due to
the fact that L1w(ν) is σ -Fatou, then (L
1
w(ν))a = (L1w(ν))na , the order continuous part of L1w(ν) (see [22, Theorem 113.1]).
It is clear in the proofs of Theorem 3.2 and Theorem 4.2 that the equivalence between the weak σ -Fatou property and the
Komlós property depends on the fact that the functions in the spaces are limits of functions with support in R ν-a.e. This
may suggest that the Komlós property for L1w(ν) is a consequence of the fact that the σ -order continuous part of this space
coincides with L1(ν), since is the pointwise approximation by elements of L1(ν) to the ones of L1w(ν) what provides the
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In fact this equality can be obtained in a more general setting (see [3, Theorem 3.2]). However, this equality is not enough
for assuring the Komlós property for L1w(ν) as we will show after the next result. This proves that further relaxations of
local σ -ﬁniteness for ν do not preserve the equivalence between the weak σ -Fatou and the Komlós properties.
Proposition 4.3. Let R be a δ-ring of subsets of Ω , X a Banach space and ν : R → X a locally σ -ﬁnite vector measure with respect
to R. Then (L1w(ν))a = L1(ν).
Proof. Since (L1w(ν))a is the biggest σ -order continuous ideal contained in L
1
w(ν), it is clear that L
1(ν) ⊆ (L1w(ν))a . For the
opposite inclusion, let f ∈ (L1w(ν))+a . Since ν is locally σ -ﬁnite with respect to R, we can ﬁnd a sequence (ψn)n1 ⊂ S(R)
such that 0ψn(ω) ↑ f (ω), ω ∈ Ω \N , with N ∈ Rloc a ν-null set. From that, if we deﬁne fn(ω) := f (ω)−ψn(ω), ω ∈ Ω \N ,
n ∈ N, we have that fn ∈ L1w(ν), and the sequence fn ↓ 0 with f  fn ∀n ∈ N and ν-a.e. Therefore ‖ fn‖ν = ‖ f − ψn‖ν ↓ 0,
since f ∈ (L1w(ν))+a . By the fact that L1(ν) is closed in L1w(ν), we obtain that f ∈ L1(ν) and so the inclusion for the positive
cone. The extension for all functions is routine. 
The converse of Proposition 4.3 is not true, as the following example shows.
Example 4.4. Let Γ := (0,+∞) and ϕ : Γ → R+ be a positive bounded function. Consider the δ-ring R := {A ⊂
Γ : A is ﬁnite} and ν : R → c0(Γ ) deﬁned by ν(A) :=∑γ∈A ϕ(γ )χ{γ } , when A ∈ R. Rloc is the class of all the subsets
of Γ and ‖ν‖(A) = 0 if and only if A = ∅. Clearly, ν is a vector measure that it is not locally σ -ﬁnite since Γ ∈ Rloc with
‖ν‖(Γ ) < ∞, but it cannot be covered with a countable union of ﬁnite sets. A direct calculation shows that L1(ν) is deﬁned
by functions f : Γ → R of countable support Γ f = {γ1, γ2, . . .} such that limn f (γn)ϕ(γn) = 0 (see Example 2.2 in [10]),
and L1w(ν) is the space of all functions f : Γ → R such that supγ∈Γ | f (γ )ϕ(γ )| < ∞. From these descriptions it follows
easily that (L1w(ν))a = L1(ν). However, the space L1w(ν) do not have the Komlós property (see Example 4.6). Consequently,
the equality (L1w(ν))a = L1(ν) — that is weaker than the local σ -ﬁniteness of ν by Proposition 4.3 — is not enough for
guaranteeing the Komlós property.
Remark 4.5. As particular cases of locally σ -ﬁnite vector measures we can consider those that satisfy L1w(ν) = L1(ν). The-
orem 4.2 has special relevance in this case; it is known that this equality happens if X does not contain a copy of c0 [15,
Theorem 5.1]. This is the case for instance if X is a weakly sequentially complete Banach space. Indeed, as it is noted in [1,
p. 226], in c0 the elements un = (1, . . . ,1,0,0, . . .) — the 1’s occupying the ﬁrst n positions — form a weak Cauchy sequence
that fails to be weakly convergent in c0. Thus, c0 does not embed in any weakly sequentially complete Banach space. Re-
markably, the converse is true for Banach lattices. Theorem 14.12 in [1] gives several statements that are equivalent to these
conditions. Namely, for a Banach lattice E , E is a KB-space iff E is a band in E ′′ iff E is weakly sequentially complete iff c0
is not embeddable in E . Lozanovskii’s Theorem (see for instance [1, Theorem 14.23]) assures that if E is a reﬂexive Banach
lattice, we have also that c0 is not embeddable in E (remark that c0 is embeddable in a Banach lattice if and only if it is
lattice embeddable). Consequently, the preceding conditions provide a quite large list of examples which guaranteeing the
equality L1w(ν) = L1(ν).
In the case that the equality L1w(ν) = L1(ν) holds, since L1w(ν) is always weakly σ -Fatou and L1(ν) is always order
continuous, the space has the weak Fatou property (see [22, Theorem 113.4]). In particular, as a consequence of Theorem 3.2,
the space L1w(ν) has the Komlós property.
However, for non-locally σ -ﬁnite measures ν , there are spaces L1w(ν) which do not have the Komlós property, even if
they have the Fatou property. Of course, the spaces L1(ν) and L1w(ν) cannot coincide in this case. Moreover the equality
(L1w(ν))a = L1(ν) is not enough for assuring the Komlós property for the space. Let us show this in the following example.
Example 4.6. A Fatou Banach lattice of measurable functions that is not Komlós. Consider the space ∞(I), where I = 2N .
We have shown in Example 4.4 that this space can be written as an L1w(ν) for a certain vector measure ν . Take the sequence
( fn)n deﬁned as follows. Let w ⊂ 2N . Let us order w increasingly and write it as w = (nk)mk=1, where m = |w|. Put fn(w) := 0
if n is not in w . In other case, we deﬁne fn(w) as follows. Take a sequence deﬁned as a1 = 3 and ar = 3ar−1 − 2 for r  2.
We deﬁne fn1 (w) = 1, fnk (w) = 1 if k ∈ {ar, . . . ,2ar − 2} for any r  1, and fnk = −1 in other case.
Clearly, this sequence is norm bounded by 1. Let us show that 1m
∑m
k=1 fnk do not converge pointwise — and so c-almost
everywhere for the counting measure c — for any subsequence ( fnk )k of ( fn)n . If ( fnk )k is such a subsequence, take the set
w0 := {nk: k ∈ N}. A direct computation shows that 12ar−2
∑2ar−2
k=1 fnk (w0) = 12 and 1ar−1
∑ar−1
k=1 fnk (w0) = 0, for every r ∈N;
so the sequence ( 1m
∑m
k=1 fnk (w0))m do not converge.
As was mentioned already in Section 2, after the results of Curbera, Delgado and Juan, it is known that every order
continuous Banach lattice can be represented (isometrically and in order) as a space L1(ν) of a vector measure on a δ-ring.
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weakly integrable functions with respect to a vector measure on a δ-ring. In previous sections we have proved the Komlós
Theorem for ideals of functions of M(Rloc) with the weak σ -Fatou property. After the quoted representation theorems,
these results provide a broad class of Banach lattices for which a suitable version of Komlós Theorem is satisﬁed via its
vector measure representation since it allows to deﬁne ν-a.e. convergence of series in abstract Banach lattices, where ν is
the vector measure provided by the corresponding representation theorem.
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